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Introduction

N ONEQUILIBRIUM nozzle flows of pure gases is com-
mon in many aerospace applications such as rocket noz-

zles, and hypersonic simulation facilities such as wind-tunnel/
shock-tunnel nozzles. The basic problems, including the prob-
lem of obtaining numerical solutions for nozzle flows with
vibrational energy relaxation, have been studied by several
authors.1"8 With the advent of metallized propellants for solid
rocket motors, the nozzle flow consists not only of pure gases.
The metallized propellant burnt in the combustion chamber
becomes metal oxide particles and are dragged out of the
combustion chamber by the nozzle expansion process of the
gas. Arc-heated test gas in hypersonic wind tunnels also con-
tains large numbers of particles flowing with the gas.9'10 It is
a known fact from earlier studies that the presence of particles
in the flow can modify the flow expansion process. The effects
of such particles on the internal energy nonequilibrium phe-
nomena during the nozzle expansion process is studied in this
investigation.

Governing Equations
The expansion of a diatomic gas (such as nitrogen) in a

nozzle is considered such that vibration is excited and dis-
sociation is negligible. Reservoir conditions are employed which
correspond to the lower range of temperatures found in hot
shot and shock tunnels, in steady-state nitrogen tunnels, and
in gasdynamic lasers. The energy in vibrational modes is small
compared to that in dissociation and ionization at high tem-
peratures. However, this small amount of internal energy is
adequate to produce nontrivial gasdynamic effects if appre-
ciable departure from equilibrium (nozzle) flow occurs. This
vibrational nonequilibrium can produce effects that are of
much importance on nozzle test flow conditions in the high-
speed wind-tunnel facilities. For nonequilibrium (nonequi-
librium between gas and particles and internal energy non-
equilibrium within the gas) flow condition in two-phase nozzle
flows, the computation of the flow variables requires a rate
expression for the vibrational relaxation process in addition
to the usual governing equations for gas-particle mixture. The
rate expressions for vibrational energy relaxation is given as3

(i)= KO--
where r' is the vibrational relaxation time for a pure diatomic
gas. This equation has to be solved simultaneously with the
governing equations and the additional variable is the vibra-
tional energy (ev) of the gas.

Analysis of the gas-particle flow in a nozzle is complex
because of the large number of parameters involved and the
computations become laborious if the effects of different par-
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ametric conditions of the problem are required. However, a
single correlating parameter has been obtained earlier11'12

combining many of the important parameters by transforming
the governing equations appropriately. In the present inves-
tigation the same method has been applied to study the effect
of phase nonequilibrium on the internal energy relaxation
phenomena of a diatomic gas. The procedure can be sum-
marized as follows. A new variable a[= — ̂ (p)\ is introduced
and the equations are transformed with a as the independent
variable. In order to obtain nonequilibrium solutions, equi-
librium initial conditions are imposed on these transformed
equations. The reservoir entropy S0 is shown12 to enter as an
additional parameter in equilibrium solutions. To reduce the
number of parameters to a minimum, another transformation
is introduced and general correlating parameters are deduced.
The final set of equations with £( = S0 - a) as the independent
variable are given by

du dup (2)
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where

G = (ell<t> - I)2 (eNI<i> - I)2

Xi =

M2
V - (1 -

where standard notations are used for the flow variables. The
subscripts p and * refer to particles and nozzle throat con-
dition, respectively, if not specified otherwise; superscript eq
refers to equilibrium condition; ( ) refers to dimensional
quantities; ap is the mass fraction of the particles in the mix-
ture; 77 is the loading ratio [mass flow rate of the particles
(mp) to that of gas (ra)]; d is the ratio of the specific heat
of the particles and gas; rv is the velocity relaxation time of
particles [ = p/7rf^/(18/jt)]; dp is the diameter of the (spherical)
particles; and p, is the viscosity of the gas phase. The reservoir
quantities, nozzle scale parameter L', and the nozzle throat
area have been used for nondimensionalization; the quantities
U'Q = (RTv)0-5 and p'Q = p'^u'^ and h'Q = RT'0 are used for
nondimensionalizing velocity, pressure, and enthalpy, re-
spectively. Av is the virtual area ratio given by Av = A/Z; Z
is a parameter representing phase nonequilibrium character-
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istics of the flow given by Z = 1 + rjup/u; Mv is virtual Mach
number given by Mv = ulav corresponding to virtual speed
of sound av given by av = [(1/Z)(dp/dp)]172 and/? is the pres-
sure; / and/ are the nozzle-shape parameters with i = I 7 j =
2 representing hyperbolic nozzle and / = 2,y = 1 representing
conical nozzle; TV is the population density of the energy levels
of the gas and W ( = 2.55 x lO"8 atm-s) is a constant. In the
present analysis, the nondimensionalized temperatures are
normalized with reference to the characteristic vibrational
temperature 0N of nitrogen such that $ and <f> are the nor-
malized translational and vibrational temperatures of the gas
phase; and typ is the normalized temperature of the particle
phase. An examination of this set of governing equations
reveals that for a given value of (if) and a given gas, the
solution will depend on two parameters Xi and x, the first one
characterizing the vibrational relaxation of the diatomic gas
and the second characterizing the particle properties. Simple
expressions for the functions f(Re) and Nu(Re) have been
used here. The function Ns has been correlated12 accordingly
and has been used for the current investigation.

Results and Discussion
The final set of equations [Eqs. (2-6)] have been solved for

the variables u, up, i/r, ̂  and cf> using Runge-Kutta-Gill method,
and the results are presented in the form of graphs. The
vibrational energy has been assumed to be in equilibrium with
the translational and rotational energy modes for the flow
from the nozzle reservoir up to the nozzle throat. The con-
ditions at the throat are calculated from the equilibrium so-
lution and serve as the initial conditions for the nonequilib-
rium calculations. Though the results are presented in the
transformed (£) plane, they can easily be transformed into
physical plane using the definition of (£). As mentioned ear-
lier, the parameters x an<3 Xi contain all the important pa-
rameters of the problem, and hence, control the character-
istics of the solutions. The parameter x which controls the
particle characteristics (through rv) introduced in Eqs. (4) and
(5) is given by x = ^{[(p^^]/[(ij)rv]} + S0/ij. It can be
inferred that small value of x corresponds to particles of large
size and vice versa. It is known from earlier investigation on
gas-particle flows that large particles (which correspond to
small x) present in the flow freeze at the initial conditions
and therefore have no effect on the gas, whereas the small
particles (which correspond to large x) are almost in equilib-
rium with the gas during the expansion process and show
pronounced effects on the gas. Hence, the variation in the
value of x scans the complete nonequilibrium (between gas
and particles) flow regime from equilibrium to frozen con-
ditions.

Figure 1 shows the profiles of the translational temperatures
i/f and vibrational temperatures <£ along the nozzle starting
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Fig. 1 Translational and vibrational temperature profiles along the
nozzle axis.

Fig. 2 Translational and vibrational temperature profiles along the
nozzle axis.

from the nozzle throat for different 17 and for a given x value.
The physical phenomenon that the vibrational energies relax
at a slower rate than the translational energy during the nozzle
expansion process could be observed from this figure. The
vibrational temperature tries to equilibrate with the transla-
tional temperature and in the process freezes; the translational
temperature continues to decrease further since it responds
to the expansion process rapidly. The level of freezing of the
vibrational temperature is affected by the presence of the
particles. It is also clear from this figure that the vibrational
temperature freezes at a higher level than that for a pure gas
case as the loading ratio is increased. This is possible since
energy is transferred to gas from particles by means of heat
transfer. All these phenomena can be observed from Fig. 2
also, where a larger value of x is selected. In both the figures
the broken lines represent the flow variables when no particles
are present. Hence, the effect of the presence of the particles
could easily be seen from these two figures. The overall phys-
ical phenomena could thus be understood from the results
presented.

Conclusions
Nozzle flow of high-temperature gas-particle mixtures has

been studied in this investigation. It is shown using the trans-
formation technique reported earlier that important param-
eters representing the gas and particle characteristics can be
grouped into two different correlating parameters and the
results are self-similar for different parametric conditions of
the problem. The results show that the vibrational tempera-
ture freezes at a higher level as particle loading ratio is in-
creased. The effect of the size of the particles on the micro-
scopic properties of the gas is revealed by means of varying
the correlating parameter x- The combined effect of size and
loading ratio of the particles on the vibrational relaxation
phenomenon revealed in this study is important in under-
standing the flow behavior in nozzles. Another important
conclusion is that the variation in x represents the complete
(phase) nonequilibrium regime of gas-particle flow from near
equilibrium to near-frozen cases.
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Introduction

T HE problems of the vortex mode of instability in laminar
free convection flow over a heated plate in a viscous fluid

have been studied extensively. The instability mechanism is
due to the presence of a buoyancy force component in the
direction normal to the plate surface. The appearances of
longitudinal vortices were observed by Sparrow and Husar.1
Linear stability analyses were performed by Hwang and Cheng,2
Haaland and Sparrow,3 Kahawita and Meroney,4 and Chen
et al.5~7 In these analyses, a quasiparallel flow model is as-
sumed wherein the streamwise dependence of the basic flow
is not neglected, but the disturbances are assumed to be in-
dependent of the streamwise direction. Recently, Lee et al.8'9
applied a nonparallel flow model in which the streamwise
dependence of the disturbance amplitude functions is taken
into account, to re-examine the vortex instability of natural
convection boundary-layer flows. The nonparallel flow anal-
ysis provides a larger critical Grashof number than the qua-
siparallel analysis, thus bringing the prediction closer to avail-
able experimental data.

All of the works mentioned above are only for flows over
an impermeable surface. Free convection with blowing and
suction over a vertical plate was studied.10"12 Recently, Lee
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and Hsu13 investigated the effects of blowing or suction on
mixed convection over an inclined plate. However, the influ-
ence of blowing and suction on the flow and vortex instability
of free convection boundary-layer flow over a horizontal sur-
face does not seem to have been investigated. This has mo-
tivated the present investigation.

Mathematical Formation
Base Flow

Consider a semi-infinite horizontal permeable surface with
uniform temperature Tw and nonuniform surface mass flux
vw . The x coordinate represents the distance along the plate
from its leading edge, and the y coordinate the distance nor-
mal to the surface. The surface mass flux is assumed to be a
power function of jc, i.e., vw = Axm, where A and m are
constants with A > 0 for blowing and A < 0 for suction.
Under the assumption of constant fluid properties, along with
application of the Boussinesq and boundary-layer approxi-
mations, the laminar governing equations can be written as5

dx dy

du du

dx dy
, o /-r -r N A _Lu — + v — = g8 — \ (T - TJ dy + v — -6H v ' J 2dy2

dT dT d2T
u — + v — — a —-

dx dy dy2

(1)

(2)

(3)

where u and v are the velocity components in the x and y
directions; T is the temperature; )S, a, and v are the coeffi-
cients of thermal expansion, thermal diffusivity, and kine-
matic viscosity of the fluid; and g is the gravitational accel-
eration.

The boundary conditions for this problem are

x = 0;

x > 0, y = 0;

y -

T = T^ u = 0, v = 0

T = Tw, u = 0, v = vw = Axm

; T = T^ U = 0 (4)

On introducing the following transformation:
1/5 , y) 0 =

T-

(5)

where ^ is the stream function which automatically satisfies
the continuity Eq. (1), and Grx = [gfi(Tw - T^)x3]/v2 is the
local Grashof number. Equations (1-3) can be nondimen-
sionalized as follows:5

fe,
J r j

dr, = 0

4- 0" + 3/0' = 0Pr

with the boundary conditions

0(0) = 1, /'(O) = 0, /(O) = /„ =

(6)

(7)

-Ax"

0(oo) = 0, /'(«) = 0 (8)


